California Institute of Technology Fall 2022/23
Ma 151a - Algebraic and Differential Topology Instructor: Juan Pablo Vigneaux

Problem set 7:

Differential forms and De Rham cohomology
Due on Thursday, November 17th, at 11:59pm.

Exercise 1 (Exterior derivative). Let U be an open subset of R™. Prove that there is a unique
operator d : QP(U) — QPFTL(U) satisfying

1. d(w+n) = dw + dn,

if we QP(U) and n € QI(U), then d(w An) = dw An+ (—1)Pw Adn,
for f € Q°(U) and X a vector field, df (X) = X (f), and

for f € QO(U), d(df) = 0.

-~ W

Show that d is the operator introduced in class (in terms of the basis (dz1, ..., dz,) dual to the
canonical basis).

Exercise 2 (Differential forms on RQ). Consider the 1-form
T

—Z2 T
= (2 )a ) das. 1
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defined on R?\ {0}. Show that dw = 0 but that there is no smooth function (0-form) g such that
dg = w. Conclude that H'(R?\ {0}) # 0.
(Hint: By contradiction.)

Exercise 3 (Mayer-Vietoris). Let U; and Us be open set of R™ with union U = U; U Us. For
v=121et i, : U, - U and j, : Uy N Uy — U, be the corresponding inclusions. Prove that the
sequence

0 —— Qr(U) -5 Qr(ty) & QP (Us) —L QP(UL N TU,) —— 0 (2)

is exact, where I?(w) = (if(w), i3 (w)) and J? (w1, ws) = j7 (w1) —j;(wg)ﬂ
(Hint: To prove surjectivity of I?, consider a partition of unity subordinated to {Uy, Us}.)

Exercise 4 (Integration). Prove that if # : M — N is a diffeomorphism of oriented n-manifolds,

which preserves orientation, then
/ 0w = / w (3)
M N

for any n-form w on N with compact support.
(Hint: See Sections 2 and 3 in Chapter V of Bredon’s book.)

1By homological algebra, this implies that there is a long exact sequence in cohomology

oo HP(U) — HP(Uy) @ HP(U) — HP(Uy NUp) — HPPL(U) = -



